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Notes for System Simulation and Modeling(d

UNIT 2. STATISTICAL MODELS IN SIMULATION

While modeling real-world phenomena, in some of the situations, the actions of the entities
within the system can be predicted completely. Whereas, in certain situations, variation may occur
by chance and cannot be predicted. However, some statistical model may describe the behavior of
such systems. An appropriate model can be developed by sampling the phenomenon. Then through
the trained guesses, the model builder can:

e select a known distribution form
e make an estimate of the parameters of this distribution

e test to see the goodness of fit.

2.1Review of Terminology and Concepts

2.1.1 Descrete Random Variables

Let X be a random variable. If the number of possible values of X is finite, then X is called as
discrete random variable. The possible values of X are listed as x1, 2, .... The possible values that
a discrete random variable X can take are called as range space of X and is denoted by Rx. The
probability that a random variable X takes the value z; is denoted by p(z;). For any discrete random
variable X, the number p(z;) must satisfy the following two conditions:

1. 0 < p(x;) <1, Vi

2. Zfil pxi) =1

The collection of pairs (z;, p(x;)), i = 1,2, ... is called as probability distribution of X and p(z;)
is called as probability mass function (pmf) of X.

Example 1: The number of people arriving to a bank on a particular day is a random variable,
say X. Then, the range space Rx =0,1,2,....

Example 2: Consider an experiment of tossing a single die. It is obvious that, the possible
outcome may any one of the numbers from 1 to 6. Thus,
The random variable X = the value that appears on the top of a die.
The range space Rx = 1,2,3,4,5,6.

One can observe that the probability of getting any number on top is

g.

Example 3: Consider an experiment of tossing two dice at a time. Let the random variable
X be the sum of the numbers which appears on top of the dice. The possible numbers that may
appear on top of two dice would be a set of ordered pair:

So, the range space of X contains the possible sums of the ordered pairs of the set S. Thus,
Rx =2,3,4,...,12.
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2.1.5 The Mode

The mode is one of the measures of central tendency used for describing several statistical
models. In case of discrete random variable, the mode is the value of variable which occurs
most frequently. In other words, it is the value of a variable which has appeared more
number of times in a given list. For a continuous random variable, mode is the value at
which the pdf is maximized. Note that, mode may not be unique for a given list. If there are
two modal values for a given random variable, then the distribution is called as bimodal
distribution.

2.2 USEFUL STATISTICAL MODELS

While developing simulation models, the analyst may require to generate random events,
identify statistical distribution of those events and to use well-known statistical models. So,
here, we will discuss various statistical models appropriate to various applications.

2.2.1 Queuing Systems

Queuing is nothing but a waiting line. For example, people are waiting in a queue to get a
ticket. There may be one or more counters and the number of people waiting in a queue is
dynamic. A queuing system is described its population, the nature of arrivals, the service
mechanism, the system capacity and the queuing discipline.

In the queuing systems, inter-arrival and service time patterns will be given. The times
between arrivals and the service times are probabilistic, in most of the cases. The
distribution of time between arrivals and the distribution of the number of arrivals per time
period are important in the simulation of queuing systems. The distributions that suits
gueuing system may depend on following situations:

e If the service time is completely random, the exponential distribution is suitable for
simulation purpose. Example: The time required to get a task done at a government
office is random. It may vary depending on type of the task, the person whom you
approach etc.

e |If the service time at the beginning of the system is low, and increases as the time
passes by and again reduces at the end, then the Normal distribution is suitable. For
example, the service time at the bank in the morning hours will be less, it increases
afterwards and again decreases by the end of the day.

e In certain other situations, gamma and Weibull distributions are also used.

Inventory and Supply-Chain Systems
There are three major random variables in inventory and supply-chain systems:
e The number of units demanded per order or per time period
e The time between the demands
e The time duration between placing an order and receiving the items. This is called
as lead time.

The Gamma distribution will suit for the random variable representing lead time. Even,
Geometric, Poisson and Negative Binomial distributions will suit for random variables
representing various types of demands.
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2.2.2 Reliability and Maintainability

Time to failure has been modeled with various distributions like Exponential, Gamma and
Weibull. Exponential distribution is used when there are random failures. For modeling
standby redundancy, Gamma distribution is used. When there are large numbers of
components in a system and the failure is dues of large number of defects, Weibull
distribution is used.

2.2.3 Limited Data

In many situations, simulation modeling begins before the completion of data collection. For
such a limited data, Uniform, Triangular and Beta distributions are useful. When an inter-
arrival time or service time is random, the uniform distribution is used. The Triangular
distribution is used when assumptions are made about the minimum, maximum and modal
values of the random variable.

2.2.4 Other Distributions

Several other distributions like Bernoulli and Binomial distributions are helpful in discrete-
system simulation. The hyper-exponential distribution is similar to the exponential
distribution, but its greater variability might be helpful in certain cases.

By: Dr. Chetana Hegde, Associate Professor, RNS Institute of Technology, Bangalore — 98
Email: chetanahegde@ieee.org




Geecyelt Lestioudions

S

Bigorett  yundem Voabuiadddes ake tsed to explaia yondem
phenemene 10 wollich aﬁl(uj ~'~’-'ij velues can ocuk, LS
Al i Seaiess ﬁgL{cLu: clisorete i stibulions

(1) Bevy nouwlld L0 &0 budion

@) Rinomtad Bestibulion

() (?E(}mﬂ‘b{f_ ¥

o) Pasgsson Y

(V) pmﬂajjw nomal 0

() I‘E_)ETHGLLLM Ristloudlion :

A ~andOe vatdable X o a,ﬂ@ —two valieey
%o and G0e fvl)Drtfenﬂ‘?‘ra qotluse and Succsd
MPCLI-'H'Eia a4 ecfd  em o ﬁ&l[ﬂuﬁ Rexrnowlde
Ak tion That b R0 GO ew.fxﬁu‘nwfd woeth N
Hreds

r

Xeg =31 , : A e;«{::cﬁurmz\f 4 Quaccens
{ﬂ , ki% i ‘o i icﬁiuﬁi.

The probabilily ighebulion i gpven bd_

()ﬁ): P , ;,.‘L ’J{a = |

P {FP:‘}' , ;'é; ‘J%:ﬂ
Tlean :

ECx) = g%k F p+oz =P
Vebtanie -

g= = EBE] -[E.(x)]'%
-$tprdia] - P4 o= pop?
= pQ-p = P2



(D Rinomfal Sigkibudien
Mulbple (Sﬂy, n) tals Pernowlli distibulian
cofitites o Bipomtod disksbolion.  ALSune +bat o
famPeMrmx:t es (M&M N Naed. &oh eotf:eﬁc;mﬂn!‘
aay vedult so BSuss O CBZLM, S0, Sefuek af
yesults 0y he —

Qe FSSEFEFESS --o--

pui:hra all  fuccens W
SSSSSSS FFFEFFFFFF

‘___,...—..,r,...—__.-"
s AL AWRA N-  tined

-’% faﬁbibv&% QZ Qucass 18 denoted BY P, cunel
| %Gfﬁu os g Aan Fre Suwesd

h-%X

i F“’ ourd %M‘-& oA Out & N
Eococe,‘ﬂdwnid o & Ex‘oe,}&rfwﬂ',td anay qefult 2o Luccess
'erf:% Hfase oxnedico w c‘ar:! gayt ~féok
A waab%uw L oppullion £ A as-
PC@:%”C,{ F’m ‘er Jr‘;:t:u:::r‘,if;rh )
‘5', .ﬂ’iﬁ«er\,&.ﬁf



Example
Qn. A Imid.m-tim me&:'s ra’nm%a.-.ia&u cﬂ'ﬂpcd-u clips
sntee awrage of &/ ponaoforming (i« dagect) . &

f{'ﬂm—r-e ‘@BWCE,M '_'Lé +Ae  Sample cartloind @0 #an
¢ be Stoppcel.

Twe  nonconfovmt chips, He rass L&
f{ﬁmpu'if FLe darﬂhcﬂ:niakf JLat St Fyaaﬂd 4
53 4 5anyab}5 gcleme,

Qolubico :  Congiclte o Eampha prows es N=So
BexnCudli F¥ials WA p=Qy = 0.02 .

Then e tvled no 4 d%f»cﬁ’vf clips #0 Fhe Canple
¥ would hove ﬂ?E,-nw:wL Aichrbiion o~

Sf‘Dppeal'

| P(‘I) = %gocx C@-D&})m(@'qgjg}x! Zﬂ} x=012--..9
. CUloyQiSe

o fRhat | e ch&% peitl oo g-}-que.d ;.{3
Jive Cfml—;g ade f\mw\d Hence
P(X >

I%Mg:we

owe ALan & f@g
v need v corﬂpuﬂi
Rut P(x>8) = - P(x4)

Now  P(x ¢8) = P( x=0) + PCx=1) +P(X=8)
B Pl iﬂ D¢, (o) (@9)



- B X 5c9~> = S0c, (Dﬂ&)a(o.qg)gb_o
% sog (oca) (098)

+ % CG-G‘&)&L(@.QE)“'Q

e A (o-czg)”+ <p (©-08) fo-qg_)“h :&as@'@aﬁ
CEl

— 0+364Q + O:-3F16 + 0-125K

= 0-9&\e

Now ,

PCx >§) = P(x «_.’,_a)
- 1-0:9al\e

= 00184
</, 0.-0¢
The PTGb&b;UL\'I +Lalb ¢ I‘aﬁdtui'fm 'aﬂ?CLV-‘
Go any c{aﬂ il o0.0%.
NoTE @ Ylean ard  voduane@ c{;m’ffﬂ above vandom)
Qamplﬂ con ke Ca.f_wﬁﬂ-ﬂ?-d ah —
E(X) = ﬁF z f@.(ﬂ-@&)
& A

4 gwd

NX) = npL - ¢p (o-02) (0-9%)
- 095



@) Geometic and Negatie Bpanfal LISbuE

4 yandem vasable X dﬂé‘nﬂdmﬁ%ﬂum&éﬂ L

'}Tfali fﬁi@uh’Ed to aclieve %3"1"5‘1‘ Sulcess 4 Lafd +o

F)U@w 3wmzfﬁc dechs budien. Fhat 5, The evend-

-{2( cx ) Ol yolon MAsfe obt -1 %gfilluﬂf and H#en

o Sucess Ot Eadn écd'ium has a bnb:iﬁ

g (i 1p) oo Sutes has o (robablily f. ")
x|

Plrre tped =2 o
Thus, ke probabslily dishibution € X & =

.-I'I

P('x)-: {‘i«ﬂ.P b R
&) , Bleais
Tle onean and wakianie ake aﬁvzn ha&*
B¢ ) j/P

awd v (X) s 2/

A3 negalne pinomtal  atndoa) watiable Y B um. g
dom ~asdables W& can Set

H_ "If-'\tl.EFffldG./L{‘ ﬁeﬂm.k yan
v(7) =k @/PE



Example

Ak an Q‘n&&pu_ﬂm se_ucm #10 +/. 'Qé‘!"-'-ﬁ M{rﬂblﬂd k- &e_t‘
P-m'hﬂ ade vereded. fid o Prcstx:.b;t«'-f —Had e Eé*fgﬁ
of{eflﬂ.bl'ﬁ e i #e 37 ane daspected.

Lolulien - T i

o A @vﬁn Lal, < Earﬂbadawla'[nf q ﬂJm
g = o+ J

L= -9 = 006

e wauld  Like fi-a%‘»d e Prokxltowlnfi,

o aal. Tt Indicales Jat, kyed "o e

JLiHA AL qnimmﬂﬁm e can  say Lot e Frﬂéxlﬁml,i

i ShA budien 14 .f}fagm A ot o0

E’D.« p(?{: 5) = q_, P
() (0:6)
= 0-09¢6

@é quccess ot e
ols wiexe e aded

Now atlune Wy A r}ged' o C(:VT'UZU:{L-}M FPWL«L\} Hat
w +He Secord arcaﬁib@

{ fleel
e f”"‘ NS i 108 ¢ Th e

prinfee. "Tlat.::cruﬂ%#

L4 a Sacens ard @uf @g’ Pﬁw

wos  SUCers “len, do Eﬂm{)u.t(
f bmmﬁmj Cj:lv‘f‘h'\bu-ﬂ#””

b(x:€)= SC o) )
0,138

Vi



() Porssen Ststribulfeo
A cliccrcte vandem yascabie X 4 gefd Ao fellow

Poigsen dicts blien, 1:8\ & hock Pﬂ")*]e al —~

—o
P(’l): é rocl B e

1
O ¥ {)nﬁutﬂ«"ﬁ{

Heve, o€ >0

Foy pQes8en yandom LQG{:Q'&’ bat b mwan cnal
vodtlane Qe Rame, o e !

C(x) =KD = &

The CRF G PeiSen wdicle i goven by~
o =t g

Fln) = 7.2 @

|
=0 "L'

i

E xampl - | |
A c.anptfu« ﬁ'\ﬂ-Fl}"r' pesen it heeped M‘hﬂ% ”:fﬁzit;f d e
: o1 Uhsppei pevyhout ” '
CC:LU {?f 539!@@ rj?':& r\i,;\%{ﬁ"}ﬁﬂﬁl :{;' P-?'T hﬂLl.-?L_ (Bm&
the babw‘utﬁ” ~+fal~ ‘
P{S)#:,m Lell boe e Nenks hOuh

G ) r',f“ﬁﬂ}-& et U

Lolulidn : Tha ~ardom Apeduicte X, mmhcaitaj noe dé.
beeps  pek hout has PQiS3EH it bt Q7 HA

ok =&.



) we need o ﬂc}nqr)tﬁiqfﬁg T . '
3 beeps. pERE
F(?(: 3) =

_2
o

NOTE : Jhe Solubion dpx QPO frmlfm can ke S!Jur\cf even

Mﬂ’rg Poisgon CBF  aed b{f ﬂﬁﬂﬁ' an fxié.h«%f

fossen CAt qable, (It & Hiven of st enrd oL )aﬁacﬁtad’
Aert book. Al can e ﬁmnni £0 ntesnel)

go, wkiey CBF, Ar would e -

£ —F() = 0857~ 0.677
- 0.1%

ot He 08t 3 peeps’ and
ot dte medt & beeps

(i) PacbakiLlly & 2 or moye beeps 0 OL houk
je P(x . kot P be Ccooputed
Ruk  P(X ) = )= PCx <)
= 1= F(1)
|- 0.h06  (wwg Peitgo fask)
0-$94

il

1



614 Appendix A

Table A.4 Cumulative Poisson Distribution

o = Mean

r i]| A5 N | 3. 3 A 5 A5 b | B 9] x
G| 99 951 905 B19 741 670 607 549 497 449 407 1 0
11O 999 995 0R2 o963 938 910 878 844 | S . I |
2 LOOD 1000 999 996 992 986 G777 066 0%) |37 2
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o = Mean
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ﬂpp-endh:.l.
Table A.4 Continued
o = Mean
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